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Limits and Continu-
ity

® Did You Know?

In this chapter you will study the fundamental con-
cept of a limit, which underpins all of differential and
integral analysis. The main topics are:

Why are limits important? The derivative, the in-
tegral, and the sum of a series are all defined
through a limit process. Without this concept,

» % Intuitive idea of a limit _
Calculus would not exist!

> B Formal definition (-6)
> O one-sided limits

> O Limits at infinity

> o Continuity

Lesson 1.1 — Intuitive Idea of a Limit ~

The limit of a function f(x) as = approaches a describes the behavior of f near a, regardless of what
happens at a.

— z?—1

o Analyze the table of values below for f(z) = £=-:

9 Notice that the values approach 2 as = — 1:

Limit Notation




1.1 Formal Definition of a Limit

# Definition — Limit (¢-6 Definition)

Let f be defined on a neighborhood of a (except possibly at a). We say that
lim f(z) = L
if, for every e > 0, there exists § > 0 such that
O0<l|z—a|<d = |f(z)—L|<e.
J/

>» Example 1.1

Prove that lim,_,3(22 — 1) = 5.
Solution:

Givene > 0, take 6 = /2. If 0 < |x — 3| < §, then

(22 —1) —5| =2z — 3] <20 =e.

—

# Caution!

The -4 definition requires the limit to exist on both
sides of a. If the one-sided limits lim,_,,- f(z)
and lim,_, .+ f(z) differ, the limit does not exist.

' f (@)

IR

-0.5

—— f(z) = z + 1 (with removable discontinuity) >
U.o 1 1.0 2 2.0 3 3.5

Example of a function with a removable discontinuity at x = 3.

1.2 Properties of Limits

* Theorem — Algebra of Limits

If im,_,, f(z) = L and lim,_,, g(z) =

1. limg o [f(2) + g(2)] = L+ M

2. limy_yo[f(z)-g(z)]=L-M

©

M, then:
@ _ L
3. lim,_,, o(2) = M #0
4. limg,_qfc f(x)] = cL

Calculus



1.3. Continuity .

* Theorem — Squeeze Theorem (Sandwich Theorem)

If g(x) < f(x) < h(z) on a neighborhood of a, and lim,_,, g(z) = lim,_,, h(z) = L, then lim,_,, f(z) = L.

>» Example 1.2 — Fundamental Trigonometric Limit

sinx

Show that lim =1.
x—0

X

Idea: Use the Squeeze Theorem with cosz < % <1for0 < |z| < 7/2.

Sin x
im = 1
z—0

1.3 Continuity

# Definition — Continuity at a Point
~

A function f is continuous at « if:
1. f(a) is defined;
2. lim,_,, f(x) exists;

3. limg 4 f(2) = f(a).

\ J
v Continuous Function X Discontinuous Function
Graph with no “jumps” Graph with “holes”, jumps or asymptotes
Can compute f(a) directly Limit may not exist
Theorems like IVT apply Requires careful analysis

Chapter 1 Exercises

s N
1.1 — Direct computation

Evaluate the limits:

t
a) lim(3z% —z +1) b) lim e
r—2 z—0 T
2221 T2
) BT D
N J
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p
1.2 — e-6 Definition

Using the formal definition, prove that lim,_,; (4z — 3) = 1.
.

-
1.3 — Continuity

Determine the values of k for which

kx?2+2, z<1
f(x)_{?)x—kk, z>1

is continuous at z = 1.

.

Quick Answer Key

1c) 2 2)5=¢/4
1d) 1 k=1

Calculus



Derivatives

® Did You Know?

The derivative measures the instantaneous rate of

change of a function. Geometrically, it is the slope of

the tangent line to the graph. The derivative appears in Physics as velocity

(v = ds/dt), in Economics as marginal cost, and

> @ Average vs. instantaneous rate of change in Biology as a population growth rate.

> © pefinition via limits

> e Differentiation rules

> o Chain rule

> 0 Higher-order derivatives

Lesson 2.1 — From Average Rate to Derivative

€D The average rate of change of  on [a,a + /] is:

{ Af fat) - f) J
Az h

e Letting h — 0, the average rate becomes the derivative at a:

Definition of the Derivative

fw = mferRof@

) The resultis the slope of the tangent line at (a, f(a)).

\_

2.1 Differentiation Rules



* Theorem — Elementary Rules

d
1. %[C] =0

d
2. nj _ n—1
T [z™] = nz

3. Lief]= e

* Theorem — Chain Rule
If y = f(u) and u = g(z), then

dy dy du

dr  du dx

>» Example 2.1

d. .
Compute %[sm(x )]

u=x2, & =22, Lsinu] = cosu

d ! !
4 —lf+al=f+g
d / /
=19+ fg

6 i[q_f’g—fg’
Cdrlg] 4

— f() = a2

- = = fangentat (1,1)

» dz — <V du
[ 2z cos(z?) j ;
—1 1 2
Function Derivative Note
sin x cosS T trigonometric functions
cosSx —sinx
ev ev unique function f = f’
Inx 1/x x>0
" na" ! power rule
arctan 1 4_1332 inverse trig.

Chapter 2 Exercises

162

Calculus



2.1. Differentiation Rules [JJj

e N
2.1 — Basic rules

Differentiate each function:

a) f(z) =32 —b522+7 b) g(z) =z -e”

c) h(z) = 12—? d) p(x) = sin®(22)
\\§ J
( )

2.2 — Tangent line

Find the equation of the tangent line to f(z) = 23 — 2z + 1 atz = 2.
\ J

Quick Answer Key

1a) 1223 — 102 1c) %h‘rz 1d) 6 sin?(2z) cos(2x)
1b) 2655_’_\/562 2)y =10z — 11

Calculus
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Applications of
Derivatives

# Caution!

In this chapter we use derivatives to analyze the be-
havior of functions: finding maxima, minima, inflection

points and Sketching graphs with precision_ The maximum and minimum tests rGQUire care! A

critical point f/(c) = 0 can be a maximum, mini-
mum, or saddle point. Use the second derivative

> 0 Increasing and decreasing intervals :
to confirm.

> 2 Local extrema — Derivative tests
> o Concavity and inflection

> o Optimization

> © LHepital’'s Rule

3.1 Local Extrema

* Theorem — First Derivative Test

Let ¢ be a critical point of f (f'(c) = 0):
» If f’ changes from + to — at ¢ = local maximum.
» If f' changes from — to + at ¢ = local minimum.

» If f' does not change sign = saddle point.

* Theorem — Second Derivative Test

f"(¢) >0 = local minimum; 1" (c) <0 = local maximum.



» Example 3.1 — Optimization

An open-top box with a square base of side 2 and height » must have volume V' = 500 cm?. Minimize the
surface area.

Solution: A = 22 + 4zh, h = 500/2>

2
Az) =22 + ﬂ,

2
Al(z) =2z — 020 =0 = = = /1000 = 10
X

[ x = 10em, h = 5cm, 4, = 300cm? J

600 | = Alw) =2” + 22
oo Apin = 300
400 |
200 |
‘ x (cm)
> 4 6 8 10 12 14 16 18

3.2 LHépital’s Rule

* Theorem — L'Hépital’s Rule

If lim,_,, f(z) = lim,_,, g(x) = 0 (or +00) and ¢’(z) # 0 on a neighborhood of a, then

1@ S
2 g@) ~ Sk ()

>» Example 3.2

x

lim # is of the form 0/0. Applying LHépital twice:
z—0 x

.oet—1 et
lim = lim —
x—0 2x z—0 2

= )

1
=

Chapter 3 Exercises
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3.2. LHopital's Rule ]

4 N\
3.1 — Extrema

Find all local and global extrema of f(z) = 22 — 922 + 12z — 4 on [0, 3].
N J
(" )
3.2 — Optimization
A farmer wants to enclose a rectangular area of 3600 m? using the minimum length of fencing. What

should the dimensions be?
\ Y,

e A
3.3 — L'Hopital

sin 3z

Evaluate: (a) lim,_,¢ ;o (b) limy oo ze™*.
T
g J
Quick Answer Key
~
1) local min. z = 2; local max. z = 1; f=1 3a)3 3b)0
global min. f(0) = —4; global max. 2)60m x 60m (square)

Calculus



Calculus



Indefinite Integrals

The indefinite integral (or antiderivative) answers the
question: “which function, when differentiated, gives )
f(x)?” The Fundamental Theorem of Calculus links

the integral to the derivative:
> @ antiderivatives and / notation

d x
— t)dt = f().
> O Basic integrals . /a f@t)dt = f(x)

> (3 ] Substitution (u-substitution) This resul.t is considered one of the deepest in
Mathematics!

J

> o Integration by parts NN

> o Partial fractions

Lesson 4.1 — Basic Integrals
N

Function f(z) J f(z)dz Condition
xnt o
T _1
* n+1 + n#
2 In|z|+C x#0
e* e +C
sin x —cosz +C
Ccos T sinx + C
sec? x tanx + C
11_72 arcsinz + C lz] <1
T +1m2 arctanx 4 C
\ J

13



4.1 Substitution (u-substitution)

* Theorem — Substitution Technique

If w = g(x), then du = ¢'(z) dz and

[ #a@)g@ o= [ fwau

>» Example 4.1 >» Example 4.2

Evaluate /230 cos(z?) dz. Evaluate / QL dz.
x* +1
Solution: u = 22, du = 2z dx Solution: v = 22 + 1, du = 2z dz
2
/cosudu:sinu+C:sin(x2)+C. % d—UZélnluH—C:M—l—C.

4.2 Integration by Parts

* Theorem — Integration by Parts

Formula (product rule for integration)

/udv = u  — /vdu

LIATE Rule for choosing w: Logarithmic - Inverse trig. - Algebraic - Trigonometric - Exponential.

>» Example 4.3

Evaluate / ze® dzx.

u=2x,dv=e"dr = du=dx,v=_e"

/azewda::xez—/ewdac:xe”—em—i-C’:em(at—l)—i-C.

[ 'z — 1) + C J

Chapter 4 Exercises
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4.2. Integration by Parts [JJj
e N
4.1 — Basic integrals
Evaluate:
dx
a) [(Ba2—22+5)d b / _dz
) [ (22 = 2045 ds ) [ =
c) /e‘% dx d) /se02(5x) dx
\ J
e a
4.2 — Substitution
1
Evaluate / 2T .
xr
\ J
s N
4.3 — By parts
Evaluate /m2 Inxdzx.
\ J
Quick Answer Key
-
1a) 2% — 2% + 52+ C 1c) tede 4 C 2) 22 4 o
1b) arcsin(z/2) + C 1d) % tan(5z) + C 3) é g — % +C
J
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“Calculus is the language in which
God wrote the Universe.”

— Galileo Galilei (attributed)
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